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All the technological steps are monitored and kept under control

using both Statistical and Advanced Process control techniques. 

Examples are:

- Control charts (both univariate and multivariate)

- Feedback and forward monitoring control 

- Identification and estimate of models

- Spatial data analysis

- Design of Experiments

- Sampling schemes

-…

Referring to point 3) of the previous section, it must be remarked that 

process capability measures are often adopted in manufacturing industry 

to assess the quality of the final product. If specification limits and the 

target value are available (as in our case) the most used index is the Cpk

index (Johnson and Kotz, 1993).

Why statistics is used in Microelctronics

A case study

Joint modelling of mean and variance surface on the wafer to 

monitor the Critical Dimension (CD) parameter

Preliminaries

Due to economic costs and time saving,  the monitoring of a critical 

parameter cannot be done both/either over the whole wafer surface and/or 

over all the processed wafers. 

Typically a random sample of wafers is extracted from the process line and 

a set of sampling locations, i.e. a map, is used to define where the 

measures over each sampled wafer are collected.

Aim

The target for the production engineers is to guarantee that each process 

parameter is uniformly distributed over the wafer surface. To check this 

hypothesis both the mean and the variance surface must be jointly 

estimated.

Methodology adopted

For the Critical Dimension parameter has been used the so called

logVariance model. Its efficacy has been proved also for many other 

contexts.

- Aitkin, M. (1987), Modelling Variance Heterogeneity in Normal

Regression Using GLIM. Applied Statistics, 36, 332-339.

- Faraway, J. J. (2006), Extending the Linear Model with R. Chapman

and Hall 

- Harvey, A. C (1976) Estimating Regression Models with Multiplicative

Heteroscedasticity. Econometrica, 44, 461-465.

- Johnson N. and Kotz S. (1993), Process capability indices, Chapman 

and Hall.

Starting from raw Silicon bars, through many production steps, slices 

called wafers, are obtained.  Over a “flat” wafer, through further processes 

called “technological steps”, many “dies” are produced and then 

packaged into a plastic case for the final Integrated Circuit chip.

Silicon Bar

Wafer

Technological steps

Integrated circuit

Microchips

Let M be a row vector of explanatory non random variables of CD and let

ββββ be a column vector of parameters. Suppose

CD~N(Mββββ, σ2) (1)

i.e. suppose

CD = Mββββ + E   where E~N(0,σ2)

Let σ2 = exp(Zγγγγ)                 (2)

where Z can be a row vector of explanatory non random variables with

either Z ⊆ M or even Z ≠ M and γγγγ is a column vector of parameters.

Equations (1) and (2) jointly represent the so called LogVariance model

(Aitkin (1987), Faraway (2006)).

Given a sample {cd1, cd2, …, cdn} of i.i.d. realizations of CD, the estimates 

of γγγγ and ββββ are obtained by maximizing the log-likelihood function

where
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Using a map with 9 fixed coordinates, not modifiable because of 

technical reasons, 25 wafers have been randomly extracted. The 

sample mean and the standard deviation by locations are in figure (a) 
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Let M = [1  x  y  x⋅y x2   y2], where x,y are the coordinates of the 

available map. For wafer i=1,…,25 and location (xj,yh), for j,h=1,…,9 , 

suppose to be interested to fit a logvariance response surface (L-RS) 

model

cdi,jh = β0 + β1 xj +β2 yh +β3 xjyh + β4 x2
j +β5 y2

h +ei,jh

Var(ei,jh)=exp(γ0 + γ1 xj + γ2 yh + γ3 xjyh + γ4 x2
j + γ5 y2

h)

To estimate γγγγ and ββββ, maximizing (3) also for models different from (4), 

and to draw the estimated response surfaces for the L-RS model, a 

tool in EXCEL has been developed. The L-RS output for the case 

study at hand is in figure (b)
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How to make inference

The tool in EXCEL implements also procedures to

1) test the significance of the model parameters 

2) test of variance homogeneity i.e. H0 : γ1=γ2=...=γp=0, using the 
likelihood ratio test statistics 

asymptotically distributed as χ2 with p-1 df.

3) test of process capability over the wafer

4) other statistics

−2log {L(b,s2) / L( ˆ ˆ,β γ )} = n log s2 −1′Z γ̂  

Using the mean and the standard deviation estimated over the whole 

wafer surface by the L-RS model, it is possible both to point out whether a 

region is far from the target and to find the distribution of the Cpk over the 

surface

Region expected to 

be not on the target

Cpk contour plot

Cpk distribution
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Figure (b)


